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Abstract— In recent years, flexible robotic catheter systems
have been developed for minimally invasive cardiac surgery.
These systems commonly include a passive flexible catheter,
which is biocompatible, and an active servo system which
provides the actuation for the flexible catheter. To relate control
actuation motion of the servo system to catheter motion, models
of continuous catheters have been developed. A typical
approach is to assume a kinematic model in which the catheter
maintains constant curvature along its length when articulated.
However, this approach cannot explain the nonlinear behavior
of the catheter when the effect of internal friction is considered.
In this paper we present a lumped-parameter modeling
approach that allows for the inclusion of nonlinear effects,
including friction. The proposed approach has been used to
model a prototype catheter where internal friction is modeled
using a modified Dahl friction model. To evaluate the efficacy of
the modeling approach, the simulation results were compared to
an experimental catheter prototype. Results show that the
proposed approach significantly improves simulation accuracy
as compared to the case where friction is not considered. In
addition, the effects of friction on catheter performance were
investigated using the developed modeling approach.

I

I. INTRODUCTION

NTERVENTIONAL medical robotic catheters have
enabled a class of minimally-invasive procedures that, due
to safety or size constraints, rigid robotic tools have been
unable to perform. However, the flexible and lightweight
design of the catheter, in combination with friction inherent in
the catheter actuation approach, can result in poor position
control fidelity, limiting their application to procedures which
do not require precision or resulting in a significant increase
in overall procedure time. To better understand and predict
the behavior of these flexible devices, various modeling
approaches have been developed.
Prior work on the modeling of flexible catheters, and
continuum robots more broadly, has focused on developing
forward and inverse kinematic relationships, based on
constant curvature assumptions, which often result in
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closed-form solutions for forward and inverse kinematics
[1-7]. While these approaches have been very successful in
describing the behavior of a large set of continuum robotic
designs, they cannot explain the nonlinear behavior that
becomes dominant in configurations where frictional effects
are significant. In particular, in tendon actuated designs, the
internal friction developed between the drive tendons and
guiding lumen. These effects become dominant at high
articulation angles, where the device radius of curvature is
small and guide lumen forces are high. In these cases, the
resulting catheter behavior includes loss of fine control and
path-dependent hysteresis behavior results.
A. Lumped-Parameter Modeling Approach
To address this modeling deficiency, we have developed a
hybrid linear-nonlinear modeling approach that explicitly
accounts for sources of internal friction. The use of a
lumped-parameter approach, as opposed to a continuum
model, is motivated by the ease with which nonlinear effects
can be incorporated and the ability to easily scale the model's
complexity – allowing for use in detailed simulations as well
as in real-time control implementations. The model kernel
consists of a linear lumped-mass system approximation.
Device behavior is approximated using discrete linear mass,
spring, and damping elements. Control inputs, via actuation
tendons and extension through a supporting part, are modeled
through input displacements. An overview of the general
modeling approach is given in Fig. 1. A lumped-mass model
is depicted with its equation of motion with control inputs
which can include nonlinear friction and external interaction
as additional inputs.
The linear system assumption is justified by a number of
factors including small relative displacements between
adjacent elements (assuming a sufficient number of degrees
of freedom) which results in linear material constitutive
equations, as well as the lack of significant device dynamic
behavior. The latter assumption is specific to the catheter
application and would not apply to more massive systems or
to specialized applications such as beating heart surgery [8].
Coupled, nonlinear dynamic terms, including centrifugal and
Coriolis accelerations, are negligible and can be ignored. As
a result, the system equations of motion have a decoupled,
diagonal mass matrix, allowing for a significant
simplification of the model dynamics, particularly in regards
to numerical integration as the model complexity increases
linearly in the number of elements. While nonlinear inertial
effects can be ignored, geometric nonlinearities associated
with external loading – including interaction with the
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environment or cooperating tools, must be considered. To
address this, the output states of the linear lumped-mass
simulation are mapped to three-dimensional space via a
displacement transformation which assumes constant
curvature between adjacent lumped-mass sections.
Interaction forces are transformed to linear generalized forces
of the linear lumped-parameter system using the Jacobian
associated with the contact point. This approach can
accommodate the geometric loading nonlinearity that results
from large catheter displacements.

II. LUMPED PARAMETER CATHETER MODEL
A. Prototype Catheter
The validity and the efficacy of the proposed modeling
approach was investigated using a prototype catheter
developed to explore control and sensing approaches for use
in medical procedures, especially for cardiac applications.
The prototype catheter was designed to achieve a workspace
sufficient for this application. Catheter manipulation is
comprised of two systems. Articulation control tendons
(wires) are used for bending the catheter tip and an insertion
axis controls the length of the flexible tip that extends from a
rigid supporting tube (see Fig 2.1). Tension in the articulation
tendons compresses the side where the tendon is located,
shortening the side, causing the flexible catheter to articulate.
The rigid supporting tube plays two roles in manipulating the
catheter. As it covers part of the catheter, it holds the bottom
of the uncovered part and fixes two bending degrees of
freedom of the covered part. Thus, extending and retracting
the catheter from this rigid supporting tube enables the
catheter to behave as a flexible catheter with variable length,
which greatly expands its reachable workspace. Through
combination of these articulation and insertion motions, the
catheter can be manipulated within a three-dimensional
workspace.
flexible catheter

Fig. 1 Overview of hybrid linear-nonlinear catheter modeling
approach. The equations of motion are decoupled due to linearizing
assumptions. Control inputs, friction effects, and external disturbances
are incorporated through separate forcing terms.

A critical characteristic of the proposed modeling approach
is the ability to introduce internal nonlinear forces and torques
as a function of system states. In particular, the ability to
model internal device friction is essential in predicting
catheter behavior in areas of the workspace where frictional
effects become significant, such as when the catheter is
highly articulated. The lumped-mass model is well suited to
the addition of various friction models, as variables affecting
frictional forces are readily available as a function of systems
states and control inputs, including the relative displacement
and velocity between the actuation tendons and their guide
lumens, catheter local radius of curvature variations, and
adjacent telescoping section's relative displacements and
velocities.
Finally, while dynamics of system are not a significant
factor, we have chosen a dynamic simulation as a framework
for the modeling approach. This provides a convenient
framework in which to incorporate nonlinear friction and
solve for quasi-static solution.
However, when
implementing, it is important to ensure that the motion is
quasi-static, with no overshoot and little to no internal
oscillation, such that the history-dependent evolution of
frictional forces are consistent with static deflection of the
catheter.

insertion
motion

articulation
(pitch and yaw)

rigid supporting tube
(constrains catheter)
flexible catheter
(retracted part
in a rigid tube)

control tendons
- control tendon motion produces
catheter articulation
- 4 tendons at 90o separation

Fig. 2.1 Overview of catheter manipulation: Three dimensional
end-point motion is achieved through a combination of pitch and yaw
articulation (enabled through actuation of articulation control tendons)
and insertion motion. A rigid supporting tube constrains articulation of
the retracted portion of the catheter only.

Figure 2.2 shows how the prototype catheter is constructed.
The catheter consists of four articulation control tendons,
their guide lumens, and its flexible spine. The actuation
tendons are fixed at the tip of the catheter and run through the
inside of the integrated guide lumens. When articulated, the
actuation tendons are pulled and move relative to the guide
lumens which are fixed to the catheter body. A servo
mechanism testbed, referred to as the Continuum Robotics
Electromechanical System Testbed (CREST) [11], was
developed to control the catheter inputs including motion of
the catheter tendons and extension/retraction of the catheter
body from the rigid supporting tube. The CREST is actuated
with DC servomotors and was designed to achieve high
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bandwidth position control. The high closed-loop output
impedance of the CREST relative to the catheter's input
impedance allows us to treat the CREST motion as a pure
position source. An overview of the CREST is shown in
Figure 2.3.
In the case where no internal friction is present, a constant
curvature model can be used to relate the position of the
catheter tip to articulation and insertion motion [2]. As seen in
Fig. 2.4, the catheter tip position can be expressed in terms of
joint space variables. The joint space variables, in turn, are
functions of the control wire inputs and the telescoping
motion of the catheter from the rigid supporting tube. In this
case, there is a one-to-one relationship between joint-space
and tip coordinates. However, in a device with significant
internal friction, this one-to-one mapping does not hold and
alternative modeling approaches, such as the one proposed
here, must be used.

adjustable depending on the desired position accuracy of the
tip of the catheter and simulation run-time.
Axial and bending stiffness of the model can be
independently controlled through selection of spring stiffness
and the radial location of the spring. These are chosen to
emulate the characteristics of low bending and high axial
stiffness of the catheter. Additionally, dampers are included
to emulate the smooth motion of the catheter, which shows
minimal overshoot and oscillation.
Additional model
elements can be included to account for physical effects not
currently included in our model. For instance, torsional
stiffness of the catheter, which represents the relative twisting
motion of mass elements, could be included by adding
torsional springs between adjacent masses, for situations
where the catheter might exhibit significant amount of the
twisting behavior. For example, this twisting behavior can
occur when the rigid supporting tube is deflected.

Fig. 2.2 Overview of the experimental catheter
Fig. 2.4 Joint space coordinates and tip coordinates of constant
curvature model: pitch, yaw results from a combination of the four
articulation control tendon displacements (pitch,+, pitch,-, yaw,+, yaw,-)

Fig. 2.3 Overview of servomechanism testbed: the electromechanical
system (CREST) provides high-gain, servo-controlled inputs which
articulate and insert the flexible catheter. The articulation control
tendons are actuated through four drive shafts while the linear motion
of the pulley block provides the catheter insertion.

To apply our proposed approach, the continuum prototype
catheter was modeled as a lumped mass model and
discretized into a number of mass elements. Figure 2.5 shows
the schematics of one element of the model with masses,
springs, and dampers. The number of mass elements is

Fig. 2.5 Overview of prototype catheter lumped-parameter model

B. Friction Modeling Approach
As mentioned earlier, the lumped-mass model is well suited
to the addition of various friction models, as variables
affecting frictional forces are readily available as a function
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of systems states and control inputs, including the relative
displacements and velocities of sliding surfaces. For the
prototype catheter described in section II.A, the predominant
source of friction results from the relative sliding of the
articulation control tendons, which are used to affect catheter
articulation, and their guiding lumens, which are fixed to the
catheter body. To model the effect of this relative sliding, a
one degree-of-freedom friction model is incorporated at the
intersection of the control tendons and the lumped-mass
elements used in the catheter simulation (see Figure 2.6).
While there are numerous friction models available,
preliminary experimental data has indicated that the Dahl
friction formulation [10] could model the observed friction
force- displacement profile with sufficient accuracy. The
Dahl friction model is described by equation (1) below where
, , and Fs are model parameters determined
experimentally, sgn(v) is the sign of the relative velocity of
the sliding surfaces and FD is the resulting Dahl friction force.
Fs is the steady-state friction force while  determines the
initial rate of change of force with respect to displacement.




dFD
F
(1)
  1  D sgn(v) 
dx
Fs


The parameter  is commonly set equal to one. An example
Dahl friction force profile as a function of input displacement
is shown in Figure 2.7.
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Fig. 2.6. Schematic friction model as applied at intersection of the
control tendon and lumped-mass element
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Fig. 2.7. Example Dahl friction force profile as a function of input
displacement.

In our application, the Dahl friction model requires
modification. Specifically, the steady-state friction force
value, Fs, is not constant, as changes in local radius of
curvature and articulation control tendon tension, as well as
the coefficient of friction between the control tendons and
control tendon lumen material, will affect the value of Fs. In
addition, determination of Fs for each one degree-of-freedom
friction model must ensure that the model results are invariant
to the number of discrete elements used in modeling the
complete device.
In determining Fs, we will make the assumption that the
steady-state friction force, Fs, is proportional to the local
pressure developed between the control tendon and its guide
lumen. This pressure can result from a number of factors,
including an interference fit between the tendon and lumen,
or from the normal force arising in each section from the
lumen tensions coupled with the angle of articulation. In the
former case, the pressure will likely be constant and, thus, the
component of Fs attributable to it, referred to as Fsc, will also
remain constant. However, the pressure developed in the
latter case will
sliding direction
change as a function
of local control
tendon tension and
Tleft
friction force
Tright
catheter radius of
curvature.
To

Tleft
determine
the

=e
Tright
component
of
Fig. 2.8 Steady-state tension differential for
steady-state friction
a sliding cable. Coefficient of friction, ,
force that results
and subtended angle, , are constant.
from this variation
in pressure, referred
to as Fsv, we note that for a tendon in tension sliding on a
curved surface (see Figure 2.8), the applied tension,
coefficient of friction, and subtended angle over which the
sliding occurs are related as [9]:
Tleft
(2)
 e
Tright
Noting that the steady-state friction force is given by the
difference between Tleft and Tright, we rearrange equation (2) to
express the steady-state friction force as a function of the
average tension, Tavg.
e    1T
Fsv  Tleft  Tright  2
(3)
1  e    avg
where Tavg  1 2 Tleft  Tright 
Equation 3 can be used to evaluate the variable component of
the Dahl friction model steady-state friction force, Fsv, for
each instance of the one degree-of-freedom friction model as
a function of tendon tension and subtended angle. In
the
current implementation, articulation tendon tension is not
explicitly available, as control tendon inputs are
independently specified via control inputs. To evaluate
tendon tension, we assume that the catheter is in static
equilibrium, consistent with our assumptions regarding
catheter dynamics discussed earlier. As shown in Figure 2.9,
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the tension between the control input and the most distal
lumped mass element is determined by enforcing force and
moment equilibrium between the control tendon tensions and
spring and damper forces that result from relative motion of
adjacent elements.
The tension between elements more proximal is determined
by successively adding the Dahl friction force from the
previous time step to the more distal tensions. Once the
tension has been evaluated, the variable steady-state Dahl
friction force, Fsv, can be evaluated using equation (3). The
total Dahl friction model steady-state friction force, Fs, for
each instance of the one degree-of-freedom friction model
can be determined by summing the constant term, Fsc, and
variable term, Fsv. The resulting Dahl friction force can then
be evaluated using equation (1).

We next compared the tip trajectories of the simulated
catheter (both with and without internal friction) to those of

(a) Simulated and experimental catheters: 90 degree articulation motion.
Note increasing radius of curvature for more distal positions on the
catheter body. Note that the prototype catheter used in the experiment is
functionally equivalent to the one shown in Figure 2.2. In this case, a
different mesh weave material was used for convenience.

Fig. 2.9. Evaluation of control tendon tension for use in calculation of
Dahl friction steady-state friction force level.

III. SIMULATION VALIDATION
To evaluate the performance of our model relative to a
physical catheter, we chose to explore two major
characteristics: catheter curvature (evaluated along the entire
length), and tip trajectory and final position under an
articulation command. For the simulation experiments
performed, the simulation model used 20 lumped mass
elements.
The agreement in catheter curvature between our model
and a physical catheter was examined by articulating each to
90°, and comparing the resulting catheter shape. Varying
curvature is expected in cases where internal friction
significantly affects the behavior of the catheter. This is
because internal friction can continuously consume tensions
along the length of the catheter, leading to a small radius of
curvature near the base of the catheter and a large radius of
curvature near the tip. The curvature of the experimental
catheter was determined by extracting this information from a
digital image of the catheter in its articulated position. As can
be seen in Fig. 3.1, the curvature of both the experimental and
simulated catheters varies significantly along their length.
Their similar behaviors indicate that our model is
satisfactorily reproducing this physical phenomenon. In
addition, it indicates that the constant curvature traditionally
assumed in modeling continuum manipulators does not
sufficiently replicate the behavior of the catheter.

(b) Radius of curvature as a function of arc-length (measured from base)
Fig. 3.1 Comparison of the shapes and curvature of the constant
curvature model, the experimental catheter and the simulation model
with friction at 90 degree articulation: the decrease in curvature near the
base of the experimental catheter is caused by displacement of the
articulation control tendon lumens due to high loading which is specific
to our prototype catheter, an effect not accounted for in our model.

the physical prototype. For each of these, the catheter was
manipulated to 180º of articulation. This relatively high value
was chosen to demonstrate the significant errors that can arise
due to internal friction at high angles of articulation. As can
be seen in Fig. 3.2, the tip position of the model including
internal friction is significantly closer to that of the
experimental catheter. As a result, the deviation of the tip
position of the simulation from the experimental result was
reduced to 0.31 cm as compared with a deviation of more than
1 cm when using the constant curvature model. In addition,
the path followed to reach this point also agrees much more
closely. These results demonstrate that internal friction is a
major factor in causing the tip position and catheter shape
differences between the experimental catheter and a constant
curvature model.
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To explore the effects of friction on articulation, the
catheter was simulated to 270° (at a constant length) in
models using varying friction coefficients. Figure 4.1 shows
that a large friction coefficient drives the tip to follow a larger
trajectory and diverge from the final position predicted by the
constant curvature model. As an additional test, the catheter
was articulated to 180°, and the length increased and
decreased. In this case, friction deflects the catheter tip away
from the constant curvature model prediction of a horizontal
line (see Figure 4.2). Both of these results appear to be
physically reasonable. As the catheter is articulated,
increasing friction will tend to result in a tighter radius of
curvature at the base of the catheter as increasing friction
consumes a greater portion of the tension. This high radius of
curvature near the base (and thus lower radius at distal
portions of the catheter) results in the tip trajectory tracking
further from the base of the catheter.
Fig. 3.2 Comparison of the tip positions and trajectories of the constant
curvature model, the experiment catheter and the simulation model
with friction at 180 degree articulation

IV. SIMULATION RESULTS:
When compared with the widely used constant curvature
model, the results of the previous two comparisons show that
the model with internal friction is a more effective way to
emulate the basic behavior of catheter. Based on these results,
additional scenarios were simulated to explore the anticipated
effects of friction on catheter behavior, especially as
compared to the predictions of the constant curvature model.
Four different tasks were performed in simulation: (1)
different friction coefficients applied to articulation-only
motion, (2) varying the insertion length at a constant angle of
articulation, (3) circular path following at different
articulation angles, and (4) instantaneous velocity in the
workspace. For each of these, our model predicts behavior
significantly different than that predicted by a constant
curvature model.

Fig. 4.1 Tip trajectories to 270 degree articulation without insertion
motion when the friction coefficient is increased

Fig 4.2 Tip trajectories when the length of catheter varies while
maintaining 180 degree articulation angle with different friction
coefficients: constant curvature model is assumed to follow the
horizontal straight trajectory.

To evaluate more complex trajectories, a series of circular
paths was commanded in a plane normal to the insertion axis
of the catheter. Note that for this test, the catheter was not
simply rotated about its longitudinal axis, but rather was
guided along the circular path by each of the four articulation
control tendons. As the commanded path is moved closer to
the base of the catheter, the articulation, and therefore the
cable tension required to follow the path increases. As shown
in Figure 4.3(a), the resulting trajectories show deviations
from the intended path that increase as the articulation angle
is increased. Also, in Figure 4.3(b), the initially larger
resulting circular trajectories become smaller, compared to
those of a constant curvature model and bulges near the
locations of the control wire appear, as the articulation angle
increases. These fluctuations are induced by the internal
friction of the device, which is directly proportional to the
control tendon tension. Therefore, as the tension increases so
too does the deviation from the intended path.
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(a) Tip trajectories in horizontal view

Use of the Dahl friction model in our simulation also allows
emulation of the history dependent behavior observed in the
experimental catheter. The Dahl friction force is dependent
on displacement in a given direction, and thus on the prior
catheter trajectory. To investigate these effects, two cases at
180 degree articulation were compared: in one case, the
simulation was initialized at 180° with zero friction forces
(that is, at the zero crossing of the Dahl friction curve); in the
other, the simulation was initialized at 0° articulation and then
commanded to 180° articulation, resulting in significant
internal friction forces being present at this point. For both
cases, the model was then commanded to move to the left and
the right. Although the constant curvature model would
predict motion along the horizontal axis, deflected tip
trajectories are predicted by our model due to the effects of
friction. Figure 4.4 shows the difference between the cases
without and with previous motion. This difference arises from
each case’s different starting point on the Dahl friction curve.
The first case starts with zero friction, with friction increasing
symmetrically regardless of the direction of motion. The
second begins with nonzero friction, with friction changing
asymmetrically depending on the direction of motion. This
result implies that it is the internal friction causing not only tip
position error but also path-dependent behavior. This
path-dependent characteristic also suggests that the
instantaneous linear mapping from control inputs to the
catheter tip configuration is lost when friction is significant,
which can have a significant effect on catheter control.

(b) Tip trajectories in vertical view

(a) Without previous motion
(b) with previous motion
Fig. 4.4 Comparison of the instantaneous behavior at 180 degree
articulation: the arrows indicate the instantaneous directions of the tip
motion and the dotted lines show the resulting tip trajectories.

The results outlined in this section show that beyond
simple tip position error, internal friction has a significant
effect on the behavior of the catheter. This effect becomes
more pronounced at tighter angles of articulation and other
situations where articulation control tendon loading is
especially high. This deviation from expected behavior
suggests that simple constant curvature models are not
sufficient to properly predict the performance and behavior of
catheters and catheter-like devices.
(c) Tip trajectories in oblique view
Fig. 4.3 Circular path following at different articulation angles: In
oblique view (c), the trajectories of a constant curvature model were
not overlaid for clarity.

V. CONCLUSIONS AND FUTURE WORK
A lumped parameter model including internal friction
modeled via the Dahl formulation was proposed and
developed to improve the position estimation accuracy of a
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cardiac catheter simulation. The results of this model were
compared to the experimental results of a prototype robotic
catheter, and the results expected from a widely used constant
curvature model. The results of this comparison show that
accounting for internal friction significantly improves both
the tip position and catheter shape predictions of the model.
In addition, a series of scenarios was evaluated to further
explore the effects of friction on catheter behavior. These
results indicate that the constant curvature model does not
accurately represent the true behavior of the catheter under
many situations that could be expected to be encountered in
practice.
Future work will focus on more thoroughly comparing the
model results to those obtained from physical
experimentation. In particular, more work is needed to fully
characterize the behavior of the model in tightly articulated
configurations. In addition, the model will be extended to
include the torsional and frictional effects arising from the
interaction between the catheter and its rigid supporting tube.
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