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Recently, robotic surge~ systems using passive flexible catheters have been developed for minimally invasive surgical
apphcatlOns - such as III the treatment of atrial fibrillation - where catheter control in the open chamber of the heart is
:equired. The soft, atraumatic construction of these devices help reduce injury to delicate cardiac structures while providIllg a means of tool placement and control. To provide kinematic and control relationships, various models of continuous
catheters have been developed. However, these approaches cannot explain the nonlinear behavior of the catheter when
the effect of internal friction is considered. In this paper, we describe a lumped-parameter modeling approach which
directly accounts for the effects of internal device friction. The nonlinear model is validated against experimental results
a prototype robotic catheter and is shown to cOlTectIy predict the variations in curvature and path-dependent
Illstantaneous behavior observed. Finally, the validated model is used to investigate and describe a set of non-ideal
catheter motions observed in practice.
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1.

Introduction

Interventional medical robotic catheters have enabled a
class of minimally invasive procedures that, due to safety
or size constraints, rigid robotic tools have been unable
to perform. However, the flexible and lightweight design
of the catheter, in combination with friction inherent
in the catheter actuation approach, can result in poor
position and orientation control.
We are interested in investigating the behavior and
performance of interventional cardiac catheters which,
unlike vascular applications, must operate in the open
chambers of the heart with significantly less anatomical
support. These catheters generally range from 2 to 5 mm
in diameter and are constructed of soft thermoplastics.
Actuation is commonly achieved through a combination
of control tendons, to affect catheter bending, and
telescoping motion of successive catheter sections. The
relatively large diameter (approximately 4 mm) and
resulting bending stiffness of these catheters requires
large control tendon tensions (~40 Newton) which in tum
can result in significant frictional forces between the
control tendons and their supporting lumens. The ensuing motion behavior of this class of catheter is affected
by the frictional forces, particularly at high curvatures,
such that end-point motion is difficult to predict. 1 [1]
Understanding this behavior is important for both applications where the catheter is commanded to follow a
preprogramed path as well as telerobotics applications.
To better understand and predict the behavior of
these flexible devices, and to support more advanced

closed-loop control approaches, various modeling and
control approaches have been developed to better explain
and predict catheter motion behaviors.[2- 24]
While these approaches have been very successful in
describing the behavior of a large set of continuum
robotic designs, they do not explain the nonlinear
behavior that becomes dominant in configurations where
frictional effects are significant. In tendon actuated
designs, the internal friction developed between the drive
tendons and guiding lumen dominates leading to the loss
of fine control and path-dependent hysteresis. The work
presented here is focused on the development and validation of a nonlinear catheter model which incorporates the
effects of friction to better understand the complex
behaviors of the class of catheters considered here.
To address this modeling deficiency, we have
previously developed a hybrid linear-nonlinear modeling
approach that explicitly accounts for sources of internal
friction. The details of this approach are given in [25 ].
In this paper, we describe the modeling approach in
more depth and validate the approach using experimental
data obtained with a prototype robotic catheter. Finally,
the developed model is used in a series of simulation
case studies to investigate the catheter's motion behavior
and compare it to those predicted by a linear model. The
model kernel consists of a linear lumped-mass system
approximation. Device behavior is approximated using
discrete linear mass, spring, and damping elements.
Control inputs, via actuation tendons and extension
through a supporting tube, are modeled through input

© 2014 Taylor and Francis Group. Personal use of this material is permitted. Permission from Taylor and Francis Group must be
obtained for all other uses, in any current or future media, including reprinting/republishing this material for advertising or
promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted
component of this work in other works

displacements. An overview of the general lumped-mass
modeling approach is given in Figure 1.
The linear system assumption is justified by a number of factors including small relative displacements
between adjacent elements (assuming a sufficient number
of degrees of freedom) which results in linear material
constitutive equations, as well as the lack of significant
transient device behavior. The latter assumption is specific to the catheter application whose typical operating
behavior is relatively slow with its small mass and would
not apply to more massive systems or to specialized
applications such as beating heart surgery.[26] Coupled,
nonlinear dynamic terms, including centrifugal and
Coriolis accelerations, are negligible and can be ignored.
This results in a diagonal system mass matrix, which significantly simplifies the model dynamics. The system
equations of motions can therefore be expressed as,
Mi + Bi + Kz

= Fu + Fe + F"

i=M- 1 [-Bi-Kz+Fu +F e +F,,]

(1)

(2)

where z is a displacement vector, M is a diagonal mass
matrix and the diagonal entries of its inverse are 11m;,
B is a damping matrix, K is a stiffuess matrix, Fu is a
control input matrix, Fe is an external force matrix, and
Fp is a nonlinear friction matrix. A critical characteristic
of the proposed modeling approach is the ability to
introduce internal nonlinear forces and torques as a
function of system states. In particular, the ability to
model internal device friction is essential in predicting
catheter behavior in areas of the workspace where
frictional effects become significant, such as when the
catheter is highly articulated.

Finally, while device transient behavior and nonlinear
inertial effects are not significant factors, we have chosen
a dynamic simulation as a framework for the modeling
approach. This provides a convenient framework in
which to incorporate nonlinear friction and to evaluate
the quasi-static solution via numerical integration.
2. Lumped-parameter catheter model

2.1.

Lumped-parameter model

The lumped-parameter model adopted here consists of a
serial chain of lumped-mass elements connected through
an arrangement of linear springs and dampers and driven
by control inputs applied to the most distal and most
proximal mass elements. The overall equations of motion
take the form given in Equation (1) and the lumpedparameter model is shown in Figure 2.
The motion of each masslinertia element, i, in the system is described by its axial motion, X;, and its rotational
motion about two orthogonal axes (referred to as pitch
and yaw rotation, cPp,; and cPy). When the vector containing the motion variables, z, is arranged such that the axial
and rotational motions are grouped together,
Z

=

[Xl X2

••• X I1

IcPp,1 cPp,2

••.

cPp,n IcPy,1 cPy,2

••.

cPy,n

]T

(3)

The mass, stiffuess, and damping matrices assume a
block structure.
Assuming a catheter with a uniform cross section,
the system mass matrix is given as:

transformation to 3D space:

Nonlinear friction model
Extemal
Forces &
Torques:

Conlrollnputs

FII =Bllu+Kllu
I
I
I
I

Figure l. Overview of hybrid linear-nonlinear catheter modeling approach. The equations of motion are decoupled due to
linearizing assumptions. Control inputs, friction effects, and
external disturbances are incorporated through separate forcing
terms.
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Figure 2.

~/

Overview of catheter lumped-parameter model.
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M= [

diag(m, ... ,m)
0

o

o

In addition, linear damping elements are placed in
parallel with the springs to model internal material
damping. The damping matrix is evaluated as:

diag(l,r,,'" ,Ip)

o

where m, Ip , and Iy are the mass and moments of inertia
about the center of mass for each lumped-mass element.
The linear springs are arranged to achieve the desired
device's bending and axial stiffness properties. The axial
and bending stiffness are independently varied by adjusting the parameters k and r in Equation (5). In this case,
the stiffness of the linear springs (shown in Figure 2) is
given by the parameter k and the radial location of the
springs (relative to the catheter centreline) is specified by
the parameter, r. This is equivalent to specifYing the
bending and axial stiffness as equivalent parameters, kr
and kw where

ka = 4k

(5a)

kr = 2kr2

(5b)

B=

[B.~

8c

-4c

-4c

8c

0
Bp
0

where

~l

-4c
(11)

Bx =

-4c

4c

-2c

-2c

4c

K=

[K.
~

0
Kp

0

J']

(6)

where

8k
-4k

-4k
8k

-4k
(7)

Kx=

-4k

kr,l
-2k

-2k
kr.2

8k
-4k

-4k
8k

-2k
(8)

-2k

kr.n - I
-2k

-2k
kr,n

In the case where the ith element is not completely
supported by the proximal section, the rotational stiffness
matrix term is given as

kr,; = 4k

8c

-4c

-4c

8c

-2c
(12)

B p =By =r2

-2c
The stiffness matrix, K, is evaluated as:

(10)

4c

-2c

-2c

4c

The small-relative angle assumption and the particular
arrangement of the connecting springs results in
decoupled axial and rotational degrees of freedom. This
assumption is valid in this case as these catheters are
designed to have high torsional stiffness to avoid
coupling between successive telescoping sections and to
prevent bifurcating behavior such as catheter whipping. 2
The control inputs include the control tendon
motions (to cause catheter bending and impose axial
preload) and the relative axial motion between the catheter and its supporting proximal segment (telescoping
motion). The control tendon inputs are incorporated into
the lumped-parameter model through pitch and yaw rotation and axial displacement (cPp,o, cPy,o, xo) imposed on
the most distal element (massless element number 0) and
axial displacement, Xn + ], imposed on the most proximal
element (massless element number n + 1).
The control inputs, including the axial displacement
of the most proximal segment (xn + 1) and the axial
and rotational displacements of the most distal segment
(x(), cPP.o, cPy,o), are incorporated into the equations of
motion through the term F u given in Equation (1). The
control input forcing term, F u , is evaluated as:

(9)

where k is an individual spring constant and r is the
radial distance of the spring and damper, as shown in
Figure 2. Since the proximal segment cannot be regarded
as infinitely stiff,[I] we increase the bending stiffness of
an element partially supported by the proximal segment
to account for the proximal compliance, obviating explicit modeling of the proximal segment.

(13)
The input vector,
Xu =

XU)

is arranged as

[xo

cPp,o

cPy.o Xn+l] T

(14)

while the input stiffness matrix, KU) and the input
damping matrix, B u , are evaluated as
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The arc-length of the constant curvature section between
element i to element i-I is

(15)

-,

(18)

Xi - Xi-l

Friction modeling approach

As alluded to earlier, the lumped-mass model is well
suited to the addition of various friction models, as
variables affecting frictional forces are readily available
as a function of system states and control inputs, including the relative displacements and velocities of sliding
surfaces. For commercially available interventional
cardiac catheters designed to work in the open chamber
of the heart, the predominant source of friction results
from the relative sliding of the articulation control
tpnrl"n~ whir.h "rp l1~prl t" "ffprt r"theter articulation,
'Ced to the catheter
1 he tnctlOn torces aevelopea between the control
tendons and guiding lumens result m forcing terms
associated with each mass element of the catheter model
(Figure 3) and are given as:

4c

o
o

=

(16)

+ (FD,pitch-)i
+ (FD,yaw+)i + (FD,yaw-);

(FD;x); =(FD,pitch+)i

(19a)

(l9b)

o

0

(19c)

Control tendon displacement (and rotational) inputs,
rather than control tendon tension inputs, were chosen to
facilitate the incorporation of control tendon frictional
forces. When the position or orientation of a given mass
element is required, such as when contact forces are
included or when the general three-dimensional trajectory
of the catheter (e.g. tip or end-effector motion) is
desired, they can be evaluated from the general motion
variables. Specifically, the shape of the catheter between
adjacent elements is assumed to be of constant curvature.
The magnitude and direction of the relative rotation
between adjacent elements (assuming small angles) is
found from the pitch and yaw rotations, ¢P,i and ¢y,i'
(assuming small rotations) while the arc-length of the
constant curvature section, Si' is found from the axial
displacement, Xi, the catheter initial length, La. and the
number of elements, n, in the discretized model. The
relative rotation of element i to element i-I is
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Figure 3. Schematic of friction model as applied at the intersection of the control tendons and lumped-mass elements.
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The complete forcing vector, F 11' is formed from the
element forcing terms above and is given as:
FI'= [(FD,x)[···(FD., )"

I(TD,p)["'(TD,p)"

I(TD,y) [ ...

(TD,y)"f
(20)

To model the effect of this relative sliding, a one
degree-of-freedom friction model is incorporated at the
intersection of the control tendons and each lumped-mass
element used in the catheter simulation (see Figure 3),
While there are numerous friction models available,
preliminary experimental data as well as the work of
other researchers have indicated that the Dahl friction
model [27] is a good match to the observed friction
force-displacement profile.[ 14,28] The standard Dahl
friction model is given in Equation (21) below from [25]
where y, a, and Fs are model parameters determined
experimentally, sgn(v) is the sign of the relative velocity
of the sliding surfaces and F D is the resulting Dahl
friction force, F, is the steady-state friction force, while
a determines the initial rate of change of force with
respect to displacement. An example of Dahl friction
force profile as a function of input displacement is
shown in Figure 4.

results are invariant to the number of discrete elements
used in modeling the complete device.
In determining F s , we will make the assumption that
the steady-state friction force, F", is proportional to the
local pressure developed between the control tendon and
its guide lumen, consistent with a Coulomb friction
model. This pressure can result from a number of factors, including an interference fit between the tendon and
its guiding lumen, or from the normal force arising in
each section due to the lumen tensions coupled with the
local curvature. In the former case, the pressure will
likely be constant and, thus, the component of F, attributable to it, referred to as F,'c' will also remain constant.
However, the pressure developed in the latter case will
change as a function of local control tendon tension and
catheter radius of curvature.
To determine the component of steady-state friction
force that results from this variation in pressure, referred
to as F,'c' we note that for a tendon in tension sliding on
a curved surface [29] (see Figure 5), the applied tension,
coefficient of friction, and subtended angle over which
the sliding occurs are related as
TJeft =

D a (FD
dF=
1--sgn(v) ) ';
dx
Fs

(21)

In our application, however, the standard Dahl friction
model cannot account for the variation in frictional
forces as a function of the catheter's configuration and
applied control tendon tension and thus requires modification, Specifically, the steady-state friction force value,
F,,, is not constant, as changes in control tendon tension
and local radius of curvature will affect its value, In
addition, determination of Fs for each one degree-offreedom friction model must ensure that the model

e11f3

(22)

Tright

The relationship given in Equation (22) was developed
from a Coulomb friction model. In this case, we assume
that the steady-state friction level of the Dahl friction
model is similar to that of the Coulomb friction model and thus we can use Equation (22) to relate control
tendon tension and sliding geometry to an equivalent
friction coefficient. This assumption is reasonable when
noting that, in many regards, the Dahl friction model is a
refined version of the Coulomb friction model - the
primary difference being the behavior very close to zero
displacement.

c.,
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Figure 4, Example Dahl friction force profile as a function of
input displacement.

T

~ =eJ.lf3

Trig. hI

Figure 5. Steady-state tension differential for a tendon sliding
over a segment of constant curvature. Coefficient of friction, ji,
and subtended angle, /3, are constant.
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Noting that the steady-state friction force is given by
the difference between T1eft and T'ighb we rearrange (22)
to express the steady-state friction force as a function of
the average tension, Tavg.
Fs,

-Tlfi-1',1
et
ng1t -2
-

where

Tavg

(e14J

(1

-

1)

+ e14J ) 1',avg

= 1/2(T1eft + Triglll)

(23)

Equation (23) can be used to evaluate the variable component of the Dahl friction model steady-state friction
force, F.", for each mass element of the one degree-offreedom friction model as a function of tendon tension
and subtended angle. In the current implementation,
articulation tendon tension is not explicitly available, as
control tendon inputs are independently specified via
control inputs. To evaluate tendon tension, we assume
that the catheter is in static equilibrium, consistent with
our assumptions regarding catheter dynamics discussed
earlier. As shown in Figure 6, the tension between the
control input and the most distal lumped-mass element is
determined by enforcing force and moment equilibrium
between the control tendon's tension and spring and
damper forces that result from relative motion of
adjacent elements.
The tension between elements more proximal is
determined by successively adding the Dahl friction
force from the previous time step to the more distal
tensions. The element tendon tension and average
tension are expressed as
(24)

T; = T;-l +FD.i

(25)
where FD ,; is the element Dahl friction force,
Once the tension has been evaluated, the variable
steady-state Dahl friction force, F s ,., can be evaluated
using (23). The total Dahl friction model steady-state
friction force, F" for each instance of the one degree-offreedom friction model can be determined by summing
tendon tensions,

T;

most distal tensions:
- spring forces
- damper forces

ave rage tensions, Tal'g,;

proximal tensions:

T/

Tavg,/

Tavg,2

Figure 6. Evaluation of control tendon tension for use in the
calculation of Dahl friction steady-state friction force level.

the constant term, F.", and variable term, F.'v' The resulting Dahl friction force can then be evaluated using (21).
Note that the Dahl friction model initial slope, a,
given in Equation (21) is not a function of the steadystate friction force, F" In this case, a serves to model
the elastic interaction between the control tendons and
their supporting lumens and, thus, its value is not a function of the frictional properties but instead is related to
the elastic properties of the materials.

3. Experimental validation
In this section, we validate the modeling approach by
calibrating and comparing the nonlinear catheter model
to experimental data and by comparing the response of
the nonlinear model to the conventional linear (no
friction) model results (Section 3,2), Prior to validation
we briefly describe the experimental setup (Section 3.1 ),

3.1.

Experimental system description

The experimental system is composed of a flexible
catheter, the actuation and sensing hardware, and the
control and kinematics algorithms. An overview of each
is given in the subsequent sections.
The prototype catheter used in these experiments was
designed to replicate the behavior of commercially available interventional cardiac robotic catheters [30- 32] (see
Figure 7), The catheter body is molded from urethane
(Shore 90A hardness) with an outer diameter of 6.35 mm
and length of 85 mm. A supporting coil is embedded in
the urethane body to provide increased torsional stiffness
and to physically retain the control tendons, A central
through lumen of 3.2 mm diameter provides access for
tooling and instrumentation. While the dimensions of the
catheter are larger than interventional robotic catheters,
the overall aspect ratio of length and diameter is within
a typical range of devices, 3
Articulation is achieved through the actuation of four
high stiffness Honeywell Spectra® fiber control tendons
spaced at 90° around the perimeter of the catheter body.
The control tendons are anchored at the distal end cap
and supported and guided through polyimide-supporting
lumens,
The frictional properties between the control wires
and supporting lumens were designed to be similar to (or
less than) those found in commercial devices, This was
achieved using materials identical to those used in commercial devices (e.g. using polyimide lumens to support
the control wires) or using materials with similar
frictional characteristics (e.g. substituting Honeywell
Spectra® fiber for nitinol control wires), In addition,
while the prototype device diameter is larger than commercial devices, the overall aspect ratio of length and
diameter is similar and, as a result, the necessary control
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Overview of the experimental catheter design and construction.

tendon tension to affect catheter articulation motion is of
similar magnitude as seen in commercially available
devices. 4 As a result, the frictional characteristics
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between the control wires and supporting lumens should
be similar. In addition to articulation, the catheter is free
to move within a proximal supporting section (machined
from solid Teflon). The combination of the two articulation degrees of freedom and the relative telescoping
motion allows for arbitrary placement of the catheter end
point within its achievable workspace.
Actuation of the control tendons and relative
telescoping motion is provided by a closed-loop electromechanical system (see Figure 8), the details of which
are given in [24].

3.2.
3.2.1.

Figure 8. Overview of the servomechanism testbed: the electromechanical system provides high-gain and servo-controlled
inputs which atiiculate and translate the flexible catheter. The
articulation control tendons are actuated through four drive
shafts, while the linear motion of the pulley block provides
the catheter extension from the supporting proximal section.

Model identification and validation
Model parameter identification

The parameters of the catheter model were estimated
through a combination of engineering design data and
measured data (see Table 1). The friction coefficient, fl,
which controls the steady-state Dahl friction force level
developed between the control tendons and their supporting sheath (Equation (23)) is a major contributor to
the overall model behavior. To estimate fl, a series of
simple catheter articulation motion experiments were performed and compared to predictions of the nonlinear
lumped-parameter model.
In the experiment, the prototype catheter was
articulated from 0° (a straight configuration) to 180°
(a semi-circular configuration) in a single continuous
motion. The articulation was limited to pure pitch articulation (bending within x-y plane). Similarly, the catheter
model inputs were varied to induce the same articulation
motion. While the motion of the catheter is complex and
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Table 1.

Catheter lumped-parameter model data.

Catheter parameter
Length
Outer diameter
Inner diameter
Model parameter
Number of elements
Single-lumped element:
Mass, m
Spring, k
Damping, c
Dahl friction parameters:
Initial slope, (J
Exponent, y
Constant steady-state friction, F s,
Friction coefficient, f1

Value [mm]
85
6.5
3.2
Value
n = 20
200ln [g]
(0.004)n [N/mm]
(0.00728)n [N/mm /s]

arc-length. Additionally, the position of the endpoint was
measured using an electromagnetic localization system
(Ascension Technology Corp 3D Guidance trakSTAR™
system with model 130 6 DOF sensor).
Using the measured catheter curvatures acquired
over a range of commanded catheter articulations, the
value of the friction coefficient, fl, was estimated by
minimizing the cost function J.
m

J =

there are many possible cost functions to consider, for
the purposes of estimating the friction coefficient, we
compare the experimental and model catheter curvature.
The comparison of curvatures is motivated by the fact
that the curvature of a continuum manipulator along its
length is - in the absence of friction - directly proportional to the applied control tendon tension. [3] Thus,
changes in tension due to frictional forces developed
between the control tendons and the catheter body would
be directly observable through measurement of the
curvature.
The experimental catheter curvature was measured
through video capture of the catheter's motion - the
images of which were synchronized to the catheter
motion controller (Figure 9). Catheter image data from
each frame of interest were segmented via simple
thresholding. The medial axis of the catheter image was
evaluated from the segmented image. The resulting
curvature was calculated from polynomial fits of the
catheter centerline data parameterized along the catheter

Segmented
Image

Figure 9. Overview of catheter curvature measurement. Curvature is evaluated at discrete locations along the length of the
catheter (arc-length, s) and at discrete values of catheter articulation angle, a..

[(K*(S;, IX)) - Km(S;,IX)))2]

(26)

j=1 ;=1

0.07 [N/mm]

1.0
0.003 [N]
0.07

n-J

LL

where ICm and IC* are the predicted model and experimentally measured curvatures, respectively. The summation
occurs over the set of commanded catheter articulations,
IX; = {60°, 90°,120°,150°, 180°} and normalized arclengths, Si = iln where n is the number of mass elements
used in the lumped-parameter model. For the prototype
catheter used here, the minimization of the cost function
given in Equation (26) by varying the friction coefficient
fl results in an estimate of fl = 0.07. For reference, a
quick review of published values of the Coulomb friction
coefficient of polyimide and Spectra® fiber are in the
range of 0.04-0.15.[33 ]
3.2.2.

Model validation

Model validation can be accomplished by comparing the
predictions of the lumped-parameter model described in
Section 2 to those of the experimental catheter described
in Section 3.l.
3.2.2.1. Validation: pure catheter articulation. As noted
earlier, changes in control tendon tension due to internal
frictional forces developed between the control tendons
and the catheter body are directly observable through
measurement of the curvature. As such, comparison of
the predicted and measured curvature provides a method
of validating the developed model. Figure 10 shows
the curvature derived from the experimental and modelderived data for pure articulation motion. As seen in
Figure lO, the lumped-parameter model correctly predicts
the variation in curvature as a function of the location
along the arc-length (as measured from the proximal
end) as well as the change in curvature as a function of
the magnitude of articulation.
The curvature variation seen in Figure 10 can be
explained physically when we consider the relative
motion of the control wires during the articulating
motion. As the control tendon on the concave side of the
catheter is pulled proximally, the effective tension transmitted is reduced by the frictional forces developed
between the control tendon and catheter body. As we
move distally, the available tension, and thus resulting
curvature, is reduced. It is interesting to note that the
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Figure 10. Comparison of catheter curvature from experimental data and model data (with friction and linear model) in the case of
pure catheter articulation. Curvature plotted as a function of arc-length, as measured from the proximal end of the catheter.

linear model (without friction) predicts a constant and
non-varying curvature as a function of location consistent with commonly assumed continuum manipulator
behavior. [2, 3] The introduction of friction is the only
significant difference between the nonlinear and linear
model - suggesting that the good match between experimental and nonlinear model is due to the introduction of
the friction model described in Section 2.2.
3.2.2.2. Validation: pure catheter extension. In addition
to articulation, it is worthwhile to compare the predicted
and measured curvatures during pure extension motion.
In this case, articulation is held constant (a = 180 0 in x-y
plane) while the catheter is retracted into its supporting
proximal section in a single continuous motion. Similarly, the catheter model inputs were varied to induce the
same retracting motion (see Figure ll ). Figure 12 shows

Experimental Catheter

the curvature derived from the experimental and
model-derived data for pure retracting motion.
Similar to pure articulation motion, the curvature variation seen with pure retraction motion can be explained
physically when we consider the relative motion of the
control wires.
During retraction, the average curvature on the
concave side of the catheter increases. As the curvature
increases, the cord length along the concave side
decreases, resulting in proximal motion of the control
tendon relative to the catheter body. The effective tension
transmitted is reduced by the frictional forces developed
between the control tendon and catheter body. As we
move distally, the available tension, and thus resulting
curvature, is reduced. As with the pure articulation, the
linear model predicts a constant, non-varying curvature
as a function of location for the retraction motion which is contrary to the experimental data presented
here.

Segmented Image

Figure 11. Overview of catheter curvature measurement. Curvature is evaluated along the length of the catheter (arc-length, s)
and at discrete values of catheter extension (arc-length) s. The
motion of the catheter is such that the catheter is retracting into
the supporting proximal section.

3.2.2.3. Validation: catheter instantaneous motion. The
nonlinear model discussed here has been shown to replicate the variation in curvature observed - where the
commonly used linear (constant curvature) model does
not. While these results help validate the modeling
approach, they do not in themselves illustrate the utility
of the nonlinear model to predict performance-relevant
catheter behavior that the linear model cannot. Of
particular consequence in regards to control is the path
dependent behavior that results from the internal frictional forces. Once such characteristic that is important
to control and telerobotics applications is the instantaneous behavior of the catheter. The use of a linear model
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(i.e. constant curvature assumption) leads to linear
instantaneous behavior - where joint space velocities of
equal magnitude and opposite sign will produce task
space velocities of equal magnitude and opposite sign. In
the case of the prototype catheter under consideration
here (designed to emulate robotic cardiac interventional
catheters), the linear model predicts catheter end-point
velocities that are linearly related to the control tendon
and telescoping motion velocities. For example, for the
catheter shown in Figure 13, a pure telescoping motion
will produce an end-point position velocity along the
horizontal axis. However, if internal friction is significant, then the system will not be directly linearizable
due to the discontinuity in the friction profile at velocity reversals and will not be a single-valued function
of position, as the internal friction will result III
path-dependent behavior.
As the instantaneous behavior of the catheter is of
significance in control, it is worthwhile to experimentally
investigate this and compare it to the predictions of the
nonlinear model. In the experiment, the catheter is first
articulated (from the straight configuration) to 180 0 •
Immediately following articulation, telescoping motion
of the catheter relative to its supporting section is initiated (by extending or retracting the catheter). The ideal
linear model would predict a pure +x or -x direction
motion of the catheter tip for extension and retraction,
respectively. The position of the catheter endpoint is
measured using the electromagnetic localization system
mentioned in Section 3.2.1.

r

supporting proximal
section

Figure 13. Test conditions for investigation of instantaneous
catheter end-point motion. The first test case starts from
position 1. The catheter is articulated to position 2 (180°).
Immediately following articulation, the telescoping motion is
initiated, either in the +x or -x direction (by extending or
retracting the catheter, respectively).
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almost 70° for +x motion. It is interesting to note that
the end-point position motion corresponding to equal
and opposite joint-space motions (i.e. extension and
retraction motions) are not collinear.
The nonlinear motions of the endpoint can be
explained physically if we again consider the relative
motion of the control tendons and catheter body and the
effects of the resulting internal friction. During the articulation motion (from 0° to 180° - position 1 to 2), the
control tendon on the concave side of the catheter is
moved proximally. The resulting large-scale motion
allows the Dahl friction forces to reach their quasisteady-state levels. Subsequent retraction of the catheter
body (-x motion of endpoint) causes an increase in the
catheters curvature - which results in continued proximal
control tendon relative motion. The continued proximal
tendon motion causes the frictional forces to maintain
their quasi-steady-state levels. Thus, the nonlinear and
linear model predictions are approximately equal.
In contrast to this behavior, subsequent extension of
the catheter body (+x motion of endpoint) causes a
decrease in the catheter curvature - which results in relative control tendon motion of the catheter distal to the
supporting section - thus reversing the relative motion
from the preceding articulation motion. In this case, the
frictional forces begin to reverse direction which has a
significant effect on the instantaneous end-point motion
of the catheter.
While a simplification, the effects of the frictional
force change can be understood if we revisit the Dahl
friction prediction for a simple one-degree-of-freedom
system. As shown in Figure 15, when transitioning from
articulation to pure telescoping motion (extension or
retraction), the frictional force instantaneous behavior is
not symmetric with respect to relative telescoping
motion. Thus, the instantaneous task motion (end-point
position) is not a single-valued function with respect to
joint space motion (i.e. telescoping motion).
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Figure 14. Comparison of the instantaneous behavior of the
experimental catheter and the simulation models. The catheter
was first articulated (from the straight configuration) to 180°.
Immediately following articulation, telescoping motion of the
catheter relative to its supporting section is initiated (by extending or retracting the catheter, respectively). The measured
motion (experimental) of the catheter tip is shown in blue. The
nonlinear simulation catheter tip motion is shown in red. The
dashed lines show the initial direction of motion of the tip.

As shown in Figure 14, the end-point motion
predicted by the nonlinear model closely tracks that of
the experimentally obtained results. In particular, the
nonlinear model's instantaneous motion (at the start
of the pure extension/retraction) is within 10° of the
experimentally measured motion while the linear model
prediction is within 10° for -x motion but divergent by
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4.

Simulation case studies

As demonstrated in the previous section, the frictioninclusive model described here successfully predicted
both the variation in observed catheter body curvature
and the path-dependent instantaneous behavior of an
experimental catheter. The comparison of the experimental catheter motions to those of the model served
as a validation of the modeling approach. In this
section, we use the developed model to explore the
behavior of a prototypical robotic catheter for various
motion trajectories and friction parameter variations with the intent of gaining insight into the performance
limitations of existing catheter designs and linear
modeling approach.
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Circular end-point motion

Catheter end-point circular motion generally requires a
combination of both pitch and yaw articulation motions
and telescoping motion. To simplify the analysis, in this
section, we will restrict the motion to circular trajectories which are axis-symmetric to the centerline of the
proximal supporting section and thus involve only articulation motions. Specifically, a series of simulations
were performed where the catheter was controlled to
follow circular trajectories. The length (or extension) of
the catheter was held constant while the pitch and yaw
articulation was varied to achieve circular motion. A
series of simulations were performed at various levels
of total articulation. As seen from Figure 16, the deviation from the desired circular trajectory becomes more
pronounced as the articulation angles are increased. At
higher articulation angles, the actuation cable tensions
increase which in tum causes an increase in the frictional forces along the control wire length. The increase
in frictional forces results in a larger deviation from the
desired trajectory. As with the simulations discussed in
earlier, the distortions or lobes which are observable in
Figure 16 are related to the relative actuation motion of
the control wires. More specifically, the circular tip
trajectory requires a reversal in pull wire motion which
results in a change in the magnitude, distribution,
and, most importantly, the direction of the pull wire
frictional forces. Depending on the magnitude of the
control wire frictional forces, which are proportional to
control wire tension and thus articulation magnitude,
the lobes are rotated relative to the control wire
alignment.
This result is significant in that a large portion of
clinical procedures require some type of circular or looping motion of the endpoint. Finally, while not addressed
here, the distortions in the circular trajectory are a function of the number and placement of control tendons.
For example, in some clinical catheter designs, three
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Figure 16. Simulated end-point trajectories of the catheter
model - commanded to follow circular trajectories. The length
(or extension) of the catheter was held constant (8 em) while
the pitch and yaw atiiculation was varied to achieve circular
motion. The overall magnitude of articulation (magnitude of
combined pitch and yaw) was held constant. The simulation
friction coefficient was set to ,u = 0.1.
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control tendons are used. In this case, the lobes shown
in Figure 16 would be phased at 120° (as opposed to the
90° shown in Figure 16).
5

4.2.

4

Instantaneous motion

Catheter instantaneous behavior is of interest III
telerobotics applications and in closed-loop control as
deviation from the assumed device kinematics can
adversely affect their performance. As such, we have
constructed a simulation scenario where the catheter is
driven along trajectories with pure telescoping motion of
the catheter relative to the proximal supporting section
(see Figure 17).
In this case, no control tendon actuation is required.
However, the telescoping motion does cause a change in
the radius of curvature of the catheter and thus results in
relative motion of the control tendons and their supporting lumens. To simplifY the simulation and constrain
catheter tip motion to lie on a single plane, the catheter
articulation is restricted to pitch only (x-y planar
motion). The initial catheter configurations were varied
over a range of articulations and initial extension (i.e.
length of the catheter). For each initial configuration
case, simulations were run where the catheter was
extended and retracted.
In Figure 18(a), the simulation results for both the
extension and retraction motions are plotted along with
their numerically calculated instantaneous motion defined here as the unit vector tangent to the initial
motion of the catheter endpoint. While in general, the
instantaneous motion is not single valued, in this case
the instantaneous motion of extension and retraction are
equal (and opposite) as the initial conditions of the simulation are such that the friction force starts from zero. In

...--------.....

instantaneous motion -.....

....- initial misa lignment

total extension

catheter

/

~--

Figure 17. Overview of simulated catheter motion, and its
initial (or instantaneous) response resulting from pure extension
or retraction from the proximal supporting section. The linear
model assumptions predict that the catheter endpoint will
track a line, projecting radially from the origin. The initial misalignment is the angle sub tended by the tangent to the path of
end-point motion of the nonlinear model with that of the linear
model.
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Figure 18. Simulated catheter motion resulting from pure
extension or retraction from the proximal supporting section.
(a) initial motion and instantaneous motion of the catheter endpoint for pure catheter extension and retraction over a range of
initial catheter configurations; (b) detailed view of the simulated initial end-point motions for the test cases with 180 0 of
initial articulation at various levels of friction coefficient. The
friction coefficient was varied from 0.02 to 0.15 to cover the
range of possible friction levels expected in commercial devices
(due to material or lubrication design changes). As shown, the
deviation in instantaneous motion is a strong function of the
effective friction levels present.

general, the initial or instantaneous motion of the endpoint is biased toward alignment with the center axis of
the proximal supporting section. The bias is a result
of the interual friction forces resisting the redistribution
of the control tendon tension. As a result, during extension, the catheter curvature in the proximal portion of
the catheter is smaller than the distal section resulting in
the catheter assuming a candy-cane shape and its endpoint motion aligned with the center axis of the proximal
section. During retraction, the reduction in overall curvature results in higher curvature in the proximal portion
of the catheter (similar to the effect of articulation),
which also results in tip motion aligned with the center
axis. As the motion proceeds, and the frictional forces
approach equilibrium, the direction of motion aligns with
the intended motion direction (directed along radial
dashed lines in Figure 18(a)).
As is evident, the difference or misalignment
between the instantaneous motion of the catheter model
with friction and that predicted by a linear and constant
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curvature assumption is strongly proportional to the articulation angle of the catheter, while only weakly related
to extension length (see Figure 19). As the articulation
angle is increased, the radius of curvature and tendon
tension increases resulting in higher frictional forces. For
similar reasons, as the extension length is decreased, the
frictional forces increase. However, the shorter unsupported catheter length results in a higher bending stiffness (relative to end-point motion), which effectively
cancels the increase in frictional forces. As seen in Figure 19, for articulation angles of 60°, the misalignment
is less than 20°, while for articulation angles greater than
IS0°, the misalignment can exceed SO°. Clearly, misalignments of this magnitude could have significant
effects on perceived catheter performance.
While the misalignments shown are significant, their
effect on performance is likely related to size of the
region over which they persist. For example, the effects
of a large initial misalignment might be minimal if the
end-point trajectory quickly realigns with the intended
end-point motion. The size of the affected region is
correlated with the friction coefficient between the control tendons and their supporting lumens. As seen in
Figure IS(b), the misalignment of the end-point trajectories (relative to the intended horizontal motion) persists over a larger region as the coefficient of friction is
increased. Note that the initial misalignment is related
to the elastic properties of the sliding materials and,

Angular misalignment:

0°

thus, is mostly invariant to changes
coefficient.
5.

In

the friction

Summary and conclusions

We have described a nonlinear lumped-parameter robotic
catheter model which directly accounts for the effects of
intemal device friction. The friction model developed
can account for the variation of the steady-state friction
magnitude as a function of control tendon tension as
well as local catheter curvature.
The nonlinear model was validated against experimental data obtained with a prototype experimental
robotic catheter. Specifically, the nonlinear model correctly predicted the variation in curvature along the
length of the catheter under various catheter motions. In
addition, the nonlinear model correctly predicted the
instantaneous motion of the catheter end-point position,
demonstrating the path-dependent behavior of the catheter. Both the curvature variations and path-dependent
instantaneous behavior are not predicted by the commonly assumed linear constant curvature model for clinically relevant catheter designs.
The validated nonlinear model predicts motions
which the linear model does not include lobing of circular end-point trajectories (in phase with the control tendons) and path-dependent instantaneous behavior of the
catheter (due to interaction of internal friction and device
compliance), all of which could negatively affect performance if ignored.
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4.

Based on the clinical observations of the communicating author (during his tenure as Director of Systems
and Robotics Engineering, Hansen Medical, Inc.,
2004-2007).
Whipping refers to the sudden torsional motion of a distal
flexible catheter segment relative to its proximal neighbor.
Whipping occurs when a flexible segment curvature is not
aligned with the curvature of its proximal neighbor and
when the distal segment is supported by and can move axially relative to the proximal segment (i.e. telescoping
motion).
The Hansen Medical Atiisan interventional catheter is
approximately 4 mm in diameter. The working length of
the catheter varies from approximately 20 to 100 mm resulting in an aspect ratio of length to diameter ranging
from 5 to 25. The experimental prototype described here
has an aspect ratio of approximately 13.
The prototype device requires approximately 20 N of control tendon tension to cause 180 0 of atiiculation when the
catheter is fully extended.
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